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Let G be a connected combinatorial graph of valency p + 1 where p is an 
odd prime. Assume that there exists a group of automorphisms A of G whose 
induced action on the s-arcs of G is regular (sharply transitive). I f  s > 2 we 
prove that p must be a Mersenne prime, i.e., of the form p = 2” - 1. In general 
we know that s < 5 or s = 7. We obtain some partial results when s = 7. 
1. INTRODUCTION 
In the whole paper G will denote a connected graph of finite valency 
r + l(r 3 2). We assume that G is combinatorial, i.e., that G has no loops 
nor multiple edges. We also assume that G is (A, s)-regular where A is a 
subgroup of aut(G) and s > 0 is an integer. This means that A acts as a 
regular permutation group on s-arcs of G. For terminology, notation and 
previous results we refer to [I], [2], and [3]. 
When r = 2 and G is finite it was shown by Tutte [6] that s < 5. When 
r = p is a prime it was shown in [3] that s < 5 or s = 7. The main result 
of this paper is that if r = p is an odd prime and s > 2 then p must be a 
Mersenne prime, i.e., a prime of the form p = 2” - 1. 
Other results concern a more detailed description of the group H intro- 
duced in [2] and its connection with A. The structure of H has been en- 
riched by introducing an involution 5 which also appears in [6]. 
2. THE GROUPS A AND H 
The group H was the object of our study in [2] and [3]. Both A and H 
act regularly on s-arcs of G. Moreover, A and H are centralizers of each 
other in the symmetric group on the set of s-arcs of G. It follows from here 
that A is isomorphic to the opposite group of H which we denote by Hop 
(see, for instance, [4, Theorem 6.3.11). This remark occurs also in Tutte’s 
paper [7, p. 6231. 
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For possible future applications we state explicitly this result: 
THEOREM 1. Let S be a fixed s-arc of G. For E E A we define 01’ E H by 
the condition olS = CU’S. Then the map A -+ HOP which sends 01 to 01’ is an 
isomorphism. 
Proof. It is clear that our map is a bijection. If 01, /3 E A then 
(4m = 43 = 4wN = BY49 = P’(G9)? 
which implies OL 0 /I = /3’ 0 01’. Thus our map is also a homomorphism. 
3. THE INVOLUTION f 
In [6] Tutte made use of an involution 5 E H. It is defined as follows: 
for any s-arc S of G the image [S of S is the opposite s-arc of S. Next we 
derive some simple properties of 5. The elements ri E H, 1 < i < r have 
been defined in [2, p. 2621. 
LEMMA 1. There is a permutation CT of { 1, 2,..., r} such that u2 = 1 and 
STiE = T;;:i) > 1 <i<r. (1) 
Proof. If S is an s-arc of G then it is easy to see that the s-arc &r&S 
precedes S. Hence, there exists an index u(i) such that (1) is valid. Of 
course, (1) implies that u is a permutation of the set (1,2,..., r} and that 
u2 = 1. 
From now on we shall assume that r = p is an odd prime. Then Lemma 1 
implies at once that for some index, say i = 1, we have 
&r,< = 7T;l. (2) 
The subgroups Hi (- 1 < i < s) of H have been defined in [2, p. 2621 
and [3, p. 2541. Let x # 1 be an element of H,-l . We can assume that 
the indices have been chosen so that 
r. = qxi-1 
z 2 1 <i<r=p. (3) 
LEMMA 2. We have either 
ON REGULAR GRAPHS. IV 169 
Proof. If S is an s-arc of G then [x[S # S but (&!x[S)(l, s) = S(1, s) 
(see [2, p. 2531 for notation). Therefore 5x5 = ‘~r~+~n;’ for some 
1 < k < p - 1. Hence, using (3) we have .$x5 = rrlx%-:‘. Since f” = 1 
we must have 
x = JT”xP = cssYwx~>” ch-lo-‘. 
Using (2) we obtain 
x = 77;yl$x()” 7rl = 7r;l(7r1xkn;l)k %- 1 = Xk2. 
Thus kB E 1 (modp), k = fl (modp). 
Then 
&r,e = &rlxi-y = &r,&xp 
= T;l(7TlXk~;l)i-l = xPii-l)@ 
Ifk= 1 weget(4)andifk = -1 weget(5). 
As in [3, p. 2591 we put 
a = a,, = x, b = rrl , ai = b-iabi (i = 0, &I,...) 
F = H, Fi = If-< (0 < i < s + I). 
The conjugation by 4‘ is an inner automorphism of F of order 2. We shall 
denote this automorphism by 6. 
LEMMA 3. If (4) is valid then 
e(a) = bab-l, B(b) = b-l, 
If (5) is valid then 
&a) = ba-lb-l, 8(b) = b-l, 
0(aJ = a-i-l (i = 0, &I,...). 
e(aJ = a:ipl (i = 0, fl,...). 
Proof. Using (4) we find that 
e(a) = (a[ = 5x5 = rlxql = bab-l, 
8(b) = fbf = &r,sf = rr;l = b-l. 
The formulae @J = awiel now follow from the definition of the ai . 
The proof in the other case is similar. 
Now, recall that Fi is generated by the elements aj for 0 < j < i. 
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LEMMA 4. For each i > 1 there exists an automorphism Bi of F< such 
that 
ei(Uj) = ai-i-l , O<j<i (6) 
if(4) holds, and 
e&J = a;!+, , O<j<i (7) 
q-(5) holds. 
Proof. In both cases we can take 13~ to be the composite of the restric- 
tion of e to Fi followed by the conjugation by bi. 
We conclude this section by 
THEOREM 2. If s = 4 or 7 then (5) must be valid. Consequently, 8, is 
given by (7). 
Proof. When s = 7 it follows from the inequality [3, p. 2591 
%(s - 1) < k < +(s + 2) 
that k = 4. This means that F4 is Abelian but FS is not. From the inequali- 
ties [ibid.] 
s-1-k<m<n<dk-s+l 
we get m = n = 2. This means that 
(a, , aJ = a,la;la,a, = aze 
for some integer e + 0 (modp). If (4) is valid then (6) is valid. By applying 
8, to this equality we obtain 
(a4 y a,) = azze. 
Thus a? = 1, 2e = 0 (mod p) which is a contradiction. 
Ifs = 4 we find that (a, , aJ = ale with e + 0 (modp). Assuming that 
(4) is valid and applying t$ we get (az , a,,) = ale. Thus a? = 1, 2e = 0 
(modp) is again a contradiction. 
4. THE CASE s = 7 
From the previous section we have 
(4 , ad = a2e, e f 0 (modp). (8) 
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Conjugating by b we get 
(4 9 a51 = %6. 
Since F5 and b-lF5b are normal subgroups of F6 we have 
(a, ) a& = a&A@z,” 
for suitable integers 01,& y, 6. 
Now, we compute 
a;la,a, = aoa,“a,8a,Ya46, 
171 
(9) 
(10) 
By writing these identities for i = 1, 2,...,p - 1 and making obvious 
substitutions we obtain 
This can be rewritten as 
a a .-I = 
505 
a a-aa-6(pe-Ya-8 
0123 4' 
By applying 6, to (10) we get 
(a;‘, a,‘) = a;%,~u~~u-~ 4' 
a a-1 
505 a 
= (+~-Y(&pa 
12 3 4 0 
= aoa;8u,~a~"(u~'u4uo)-~. 
Since a;‘a,a, = u4(a4 , a,) = u4(ao , u4)-l = a4u;” we have 
a a a-1 = 
505 
a a-8apq6qm. 
01 (12) 
From (11) and (12) we deduce that 
01~8, y=ore+fi(modp). (13) 
Note that if 01 _= 0 (modp) then (a2 , a3> is the commutator subgroup of 
F6 , and (a, , ar) is the commutator subgroup of b-lF5b. It follows that 
b-2F4b2 is a normal subgroup of both F6 and be2F6b2. Therefore b-2F4b2 is 
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also normal in 102 = H-, . By a method similar to that used in the proof 
of Theorem 2 of [3, p. 2541 one can show that I& contains no normal 
subgroup of I%, different from 1. Therefore we must have ar + 0 (mod p). 
Note that there is an automorphism of F5 of order p which sends 
a0 - ~0(4%e~4)0(%Q, 
a,++ w%ce, ui b ui ) for 2 < i < 4. 
(14) 
We state this result in the following: 
THEOREM 3. Let G be a connected combinatorial (A, 7)-regular graph 
of vulency p + 1 where p is un oddprime. Then H3 is elementary Abeliun of 
order p4 with generators a, , a, , u2 , u3 . The group H, is a semidirect product 
of H3 and (u4) where u4 acts on H3 JO that a, , a, , u3 urejixed and &uoa4 = 
uou2e, e f 0 (modp). The group HI is a semidirect product of Hz and (us) 
where a5 acts on H, by the automorphism (14) and cy + 0 (modp). 
5. REDUCTION TO MERSENNE PRIMES 
Let G be a connected, combinatorial (A, s)-regular graph (s > 2) of 
valency p + 1, p an odd prime. Let U, v, w  be three distinct vertices of G 
such that u and w  are adjacent to v. We denote by A(u) the tier of u in A, 
by A(u, v) the fixer of {u, v} in A, and so on. Since 
A@, V, W) = A@, V) n A(v, W) 
and their orders are 
1 A(u, v)] = 1 A(v, w)] = pS-l, / A@, v, w)l = pS-2 
it follows that 
A(u, v, w) Q A@, v), A(u, v, w) d A(v, w). 
But A(u, v) and A(v, w) generate A(v) and so 
A(u, v, w) 4 A(v). 
Now we can prove the following: 
THEOREM 4. Let G be us above p being an odd prime. Ifs > 2 then p 
must be a Mersenne prime p = 2” - 1 and the group B = A(v)/A(u, v, w) 
is isomorphic to the group of all afine transformations x + ax -/- b, 
a # 0; a, b E GF(2”). 
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Proof. B has order p(p + 1). The groups C = A(u, v)/A(u, a, W) and 
D = A(v, w)/A(u, v, W) are cyclic of order p and each of them is a Sylow 
p-subgroup of B. Since s > 2 we have C # D. Therefore B must have 
precisely p + 1 Sylow p-subgroups. It follows that C is its own normalizer 
in B and so Bis a Frobenius group (see [S,Prop. 8.2, p. 59]).The permutation 
representation of B on the set of its Sylow p-subgroups is faithful and 
sharply doubly transitive. By [5, Prop. 8.4, p. 621 we conclude that p + 1 
must be a prime power. Since p + 1 is even we must have p = 2” - 1. 
Since p is a prime it follows that II is also a prime. By [5, Theorem 20.3, 
p. 2591 we conclude that B is isomorphic to a subgroup of the group 
S(2”) which consists of all transformations of the form 
where a # 0, a, b E GF(2%), and u is an automorphism of the Galois field 
GF(2’“). Since the group S(2n) has order n2”(2” - 1) = pn2” and has only 
one subgroup of order p * 2” the proof is complete. 
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